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We propose a route toward realizing fractionalized topological phases of matter (i.e. with in-
trinsic topological order) by literally building on un-fractionalized phases. Our approach employs
a Kondo lattice model in which a gapped electronic system of non-interacting fermions is coupled
to non-interacting local moments via the exchange interaction. Using general entanglement-based
arguments and explicit lattice models, we show that in this way gapped spin liquids can be induced
in the spin system. We demonstrate the power of this “topological bootstrap” concept with two
examples: (1) a chiral spin liquid induced by a Chern insulator and (2) a Z2 spin liquid induced
by a superconductor. In particular, in the latter example, the toric code is realized as an exactly
solvable example of topological bootstrap. Our approach can be generalized to all lattices, higher
dimensions, and non-abelian topological orders.
PACS numbers: 73.20.–r, 73.43.–f
The discoveries of the integer and fractional quantum
Hall effects have, respectively, ballooned during the last
decade into two broad classes of topological phases, dis-
tinguished by whether or not there are fractional excita-
tions in the bulk. The integer quantum Hall (IQH) vari-
ety, though less exotic in the bulk in that it does not pos-
sess “intrinsic topological order”, cannot be adiabatically
deformed into a direct product state as long as certain
symmetries are preserved. This class is most generally
referred to as “symmetry protected topological (SPT)
phases [1–3]. In contrast, the fractional quantum Hall
variety exhibits “intrinsic topological order” [4], mani-
fested by fractionalized bulk excitations obeying anyonic
statistics, ground state degeneracy on a torus, and in
many cases gapless boundary modes as well.
Despite their common origin of quantum Hall systems,
these two classes have differed significantly in terms of
experimental accessibility. The SPT/IQH variety has
been realized in numerous materials and experimental
systems. These include topological insulators protected
by time reversal symmetry [5] and topological crystalline
insulators [6] protected by mirror symmetry [7], spanning
different material classes and realizable at room temper-
ature. In contrast, intrinsic topological orders have been
limited to fractional quantum Hall (FQH) systems [8]
and quantum spin liquids (QSL) in frustrated magnets
[9]. Given the importance of intrinsic topological order
in enabling topological quantum computation [10, 11],
a new route for realizing intrinsic topological orders is
highly desirable.
In this work, we establish a general “topological boot-
strap” scheme in which an un-fractionalized phase is used
to induce a fractionalized phase via Kondo coupling. This
powerful machinery allows us to construct a large class
of interacting lattice models, whose ground states realize
“projected wavefunctions”[12–16] for intrinsic topologi-
cal orders. These have been used extensively as varia-
topological, 
not fractionalized
e e e
chiral spin liquid
ν  = ν  = 1
A
B B
A
A
B
(a) (b)
(c)
FIG. 1: Example of topological bootstrap: (a) Two decoupled
layers: a Chern insulator (blue, A) and a free layer of spins
(white, B). (b) After Kondo coupling, the Chern insulator
induces a chiral spin liquid (green) with the opposite chirality.
The counter-propagating spin modes gap out, leaving a charge
mode. (c) In a terrace construction, the induced and original
edge modes are widely separated and coexist.
tional wavefunctions for topological orders (such as FQH
and QSL states), despite the lack of parent microscopic
models–a gap filled by the topological bootstrap. To
achieve this, we leverage the bulk topological proximity
effect introduced in [17], in which a free-fermion topolog-
ical phase in system A induces the “inverse” topological
phase in a proximate system B. While the prior work
focused on identical free fermion systems A and B, the
current work involves spin degrees of freedom in system
B, thus enabling us to generate interacting topological
orders in B.
The topological bootstrap construction has sharp ex-
perimental signatures. Our primary example is a Chern
insulator for spin up and down electrons, coupled to a
free spin system (Fig. 1a). Before coupling, the Chern
insulator has edge modes carrying both spin and charge.
The Kondo coupling induces a chiral spin liquid in the
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2spin system, with a spin-carrying edge mode of chiral-
ity opposite to the Chern insulator. As a result, the
counter-propagating spin modes gap out, leaving only a
charge mode at the boundary (Fig. 1b). In contrast, for
a terrace construction illustrated in Fig. 1c, the counter-
propagating spin mode induced in the spin system is spa-
tially separated from the edge of the electron system and
thus can be detected independently.
The structure of this Letter is as follows. First we
will provide general arguments motivating the topologi-
cal bootstrap. After firmly establishing these arguments
in an entanglement-based approach, we will provide a
concrete lattice model in which we exactly show that the
topological bootstrap realizes a Z2 spin liquid from a free-
fermion superconductor. Finally, we present two lattice
models in which a chiral spin liquid is induced from a
Chern insulator.
GENERAL SETUP
The bulk topological proximity effect considered in [17]
involves two free-fermion systems A and B with different
Hamiltonians: HA has a gap ∆A and a topologically non-
trivial ground state |ψA0 〉, while HB = 0 corresponds to
a system of decoupled fermion degrees of freedom. The
two systems are extensively coupled via a local tunneling
term, which favors maximal entanglement of the degrees
of freedom on the corresponding lattice sites of systems A
and B [33] . After coupling, system B perfectly “screens”
system A by developing the inverse topological phase: for
example, a band insulator with Chern number 1 induces
a Chern number −1 state in B after the two are coupled.
More precisely, the composite ground state, as obtained
in degenerate perturbation theory in g, the strength of
coupling, is |ψ0〉 = |ψA0 〉|ψB0 〉 + O(g/∆A), where the bar
denotes the inverse topological phase (such that the com-
posite is topologically trivial).
What if systems A and B have different degrees of
freedom, such as free fermions in A and spins in B? In
this case, it is impossible for B to fully screen A due
to the mismatch of Hilbert spaces. However, a partial
screening of spin degrees of freedom can induce even more
interesting topological phases in systemB, as will become
evident below.
Our construction involves composite systems in which
A is a topological phase of non-interacting fermions and
B consists of decoupled spins residing on the same sites
as the fermions. In other words, we consider a Kondo
lattice model in which the electron system is a topologi-
cal band insulator or gapped superconductor, as opposed
to a metal. The intuition from the topological proximity
effect is that while the spins cannot perfectly screen the
fermions by forming the inverse topological phase, they
are expected to inherit the spin sector of the free fermion
system. More precisely, in a slave-fermion description of
the spins (~S = 12f
†~σf), the f fermions would form the in-
verse phase with respect to A, leading to a quantum spin
liquid state described by a Gutzwiller-projected wave-
function in systemB. Since the electron system is gapped
with zero density of states, we expect that Kondo singlet
formation is evaded at weak coupling (g  ∆A), and the
above physics is described by a new Kondo mean-field
theory [34] with a topologically ordered ground state.
We will illustrate the topological bootstrap in the sim-
plest scenario of a two-dimensional bilayer: A is a system
of non-interacting fermions at half filling with both spin
up and down electrons c↑/↓ each in a Chern number 1
band, and B is a system of decoupled spin-1/2s with one
spin-1/2 per site. The composite Hamiltonian is
Hˆ = Hˆ0 + HˆK =
= Hˆν=1(c↑) + Hˆν=1(c↓) + g
∑
i(c
†
i~σci) · ~Si (1)
where HK represents an antiferromagnetic Kondo cou-
pling between fermions and localized spins, parametrized
by g ≥ 0. We will see that the state in the spin system B
will be in the same phase as the Gutzwiller projection of
the Chern number 1 state, enforcing one fermion per site.
This is known to be a chiral spin liquid (CSL)[18, 19],
possessing intrinsic topological order with fractionalized
“semion” excitations in the bulk, and chiral edge states.
It is useful to directly relate the above Kondo model
to the free fermion topological proximity effect. In par-
ticular, we can begin with a free-fermion model
Hν=1(c↑) +Hν=1(c↓) + v
∑
i
∑
σ=↑,↓
c†i,σfi,σ + h.c.
in which the Chern insulator is now coupled to “Kondo
fermions” fσ via a tunneling term of strength v. In [17],
it was found that for any value of v, the composite sys-
tem is always gapped and topologically trivial. In other
words, an SU(2)-symmetric Chern insulator of opposite
chirality is induced in the system of “Kondo fermions”
by an arbitrarily small coupling v. Consider a coupling
v much smaller than the band gap ∆A of the Chern in-
sulator; then a hopping term of “Kondo fermions” of the
order t ≡ v2/∆A is induced.
Now we add an on-site Hubbard interaction
U
∑
i
(f†i,↑fi,↑ + f
†
i,↓fi,↓ − 1)2 (2)
for “Kondo fermions”. In the parameter range t U 
v  ∆, the low-energy physics of the “Kondo fermions”
can be described by localized spins ~Si, and we recover the
original Kondo model (1) with effective Kondo coupling
g ∼ v2/√U∆A. Thus, we expect that the state induced
in the spin system B via our Kondo setup is related to the
physics of Chern bands with Hubbard interactions, where
chiral spin liquids have been found in previous works[20].
We now support this intuition with both an entangle-
ment argument and microscopic lattice models.
3ENTANGLEMENT ARGUMENTS
The key feature of the antiferromagnetic Kondo cou-
pling term HˆK in Eq. (1) is that its ground state is a
direct product of singlets:
|ψAB〉
=
sites∏
i
 1√
2
∑
σi=± 12
sgn(σi)c
†
i,σi
|0〉A ⊗ |Szi = −σi〉B

=
1√
2N
∑
{σi}
(∏
i
sgn(σi)
)
|{σi}〉A ⊗ |{−σi}〉B (3)
(where the sum is over all configurations of spins σi on
the lattice sites) which is a maximally entangled state be-
tween systems A and B. We will first consider one exact
limit of the setup in which the maximal entanglement is
most manifest, and then we will interpolate between this
limit and the original setup.
We begin with one limit in which we show that the
induced spin state in system B is exactly the Gutzwiller
projection of the Chern insulator ground state. In this
limit, instead of the local Kondo coupling, we consider a
coupling which directly projects onto the maximally en-
tangled state |ψAB〉 (“global projector”). The composite
Hamiltonian is thus
H = Hν=1(c↑) +Hν=1(c↓)− g|ψAB〉〈ψAB |. (4)
To lowest order in degenerate perturbation theory in the
coupling g, the effective Hamiltonian for system B is
given by
〈ψ′B |HBeff |ψB〉 = −g〈ψ0A ⊗ ψ′B |ψAB〉〈ψAB |ψ0A ⊗ ψB〉,
where ψ0A = |ν↑ = 1〉 ⊗ |ν↓ = 1〉 is the Chern insulator
ground state of A, and ψB , ψ
′
B are arbitrary states in B.
However, |ψAB〉 only involves states from system A with
one fermion per site, and thus
〈ψ′B |HBeff |ψB〉 = −g〈ψsA ⊗ ψ′B |ψAB〉〈ψAB |ψsA ⊗ ψB〉, (5)
where ψsA is the Gutzwiller projection of the Chern in-
sulator ground state ψ0A, which in turn is a chiral spin
liquid.
Now, because ψAB is a maximally entangled state[35],
it can be expressed via a Schmidt decomposition as
|ψAB〉 = 1√
2N
∑
I
|αI〉A ⊗ |α˜I〉B , (6)
for any orthonormal basis
{|αI〉A} of the spin sector
(one fermion per site) of system A. Here |α˜I〉B ≡√
2N A〈αI |ψAB〉 is the corresponding basis for system B.
For |ψAB〉, the product state of singlets, it is clear that
when written in the basis |αI〉A = |{σi}〉A used in Eq.
t
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FIG. 2: Systems A and B are each partitioned into regions.
Corresponding regions r in A and B are coupled via a projec-
tion Pr onto the maximally entangled state of the two regions
(dotted lines). If adjacent A regions are decoupled, as shown
on the left, then each region of Chern insulator induces a re-
gion of chiral spin liquid via Eq. (7). Once the A regions
are recoupled, adjacent edge states gap out and the regions
merge into a large Chern insulator. Such interactions induce
analogous interactions in B (inset), which fuse the B regions
into a large chiral spin liquid.
(3), that |α˜I〉B = Θ|αI〉A where Θ is the time-reversal
operator. But it is straightforward [21] to show that this
statement holds in any basis
{|αI〉A} of the spin-sector
(one fermion per site) of system A. Thus, choosing a ba-
sis
{|αI〉A} of which ψsA, the Gutzwiller projected ground
state of A is an element, (5) and (6) yield
HBeff = −g|ψsB〉〈ψsB |, (7)
where |ψsB〉 is the time-reversed counterpart of the
Gutzwiller projected Chern insulator ground state: it is
a chiral spin liquid with chirality opposite to the parent
Chern insulator.
Although the original Kondo coupling HˆK is a sum of
local projectors onto a spin singlet (one at each lattice
site i), we can interpolate between the exact limit of the
global projector employed in Eq. (4), and the local pro-
jector appearing in the original Kondo interaction term
HˆK of Eq. (1). In particular, we partition systems A
and B into regions r of linear dimension l > ξ, where ξ is
the correlation length of A, and consider the quasi-local
projector Pr = −g|ψAB,r〉〈ψAB,r| onto the product state
of singlets[36] supported in region r (See Fig. 2). The
sum over these quasi-local projectors, multiplied by (−g),
now replaces the global projector term in Eq. (4).
First we consider turning off the interactions HArr′ be-
tween adjacent regions r, r′ in A. Each region of the
Chern insulator in A gives rise to a corresponding region
of chiral spin liquid in B via the projector Pr, as shown in
Fig. 2. The low energy states are the chiral (anti-chiral)
edge modes of the two layers A and B, weakly coupled
by an interlayer interaction of order g. However, once
the interaction HArr′ between adjacent regions r and r
′
in region A is restored, the thereby generated coupling
between adjacent edge states within A stitches the Chern
insulator back together. At the same time, HArr′ induces
via the interlayer coupling a corresponding interaction
HBrr′ in layer B (see Fig. 2 inset) which gaps out adja-
cent edge states in B, thus creating a chiral spin liquid
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FIG. 3: Topological bootstrap in lattice models: (a) Free-
fermion superconductor. Each site has four Majorana
fermions, which form directed dimers (bold, with arrows) on
the links with neighboring modes. (b) The superconductor in-
duces the Wen plaquette/toric code via Kondo coupling. (c)
Chern insulator on the kagome lattice realized from nearest
neighbor hopping of spin up and down electrons with a back-
ground pi/2 flux per triangle. (d) The Chern insulator induces
a chiral spin liquid via Kondo coupling, with exchange and
chirality parameters given in (14).
state in the whole of system B.
By choosing finer partitions, this construction inter-
polates between the global projector, and local projector
considered in the primary model. Allowing for the full ex-
tent of interpolation requires as small a correlation length
ξ for system A as possible, since the linear size of the
quasi-local projectors is limited by ξ. While the original
model with a local Kondo coupling is an extreme limit of
this interpolation, we note that the strength of the cou-
pling g serves as an additional parameter which can also
interpolate between the global and local projectors; the
larger g is, the more both projectors favor the maximally
entangled state. Nevertheless, the validity of this picture
for the local Kondo coupling model ultimately requires
further analysis for specific lattice models, which we now
present.
Z2 SPIN LIQUIDS FROM SUPERCONDUCTORS
We first present an exactly solvable example for the
entanglement argument provided in the previous section.
In particular, we consider an example in which the parent
system (layer A) is a free-fermion superconductor with
zero correlation length, from which we can show analyt-
ically that the topological bootstrap (with local Kondo
coupling) gives rise to a Z2 spin liquid – the Gutzwiller
projection of the free-fermion superconductor, predicted
by the entanglement argument of the previous section.
The effective Hamiltonian induced in B is exactly the
toric code[22, 23].
Let system A be a square lattice with four Majorana
modes per site i, labeled γ
[±x]
i , γ
[±y]
i (see Fig. 3), where
{γ(µ)i , γ(ν)j } = 2δi,jδµ,ν . System B consists of spin-1/2
degrees of freedom Si at each site i of the square lattice.
We choose an arrow convention on the links of the square
lattice so that arrows are always directed along the +x(y)
direction for horizontal (vertical) links. (See Fig. 3.)
We consider the following Hamiltonian
H = HA +HAB (8)
HA =
∑
i
∑
µ=+x,+y
iγ
[+µ]
i γ
[−µ]
i+µ (9)
HAB = g
∑
i,α,β
~Si ·
(
c†i,α~σαβci,β
)
(10)
ci,↑ =
γ
[−x]
i + iγ
[+x]
i
2
, ci,↓ =
γ
[+y]
i + iγ
[−y]
i
2
. (11)
The ground state of HA features dimerized Majorana
fermions on every link (Fig. 3): this is a free-
fermion topological superconductor with gapless Majo-
rana edge states protected by translation symmetry (cut-
ting through a rung of dimers exposes unpaired Majorana
modes, which must be gapless given translation symme-
try along the cut [24]). The term HAB represents an
exchange coupling with the initially decoupled spin-1/2
degrees of freedom of layer B.
At lowest order in g in degenerate perturbation theory,
one finds that the induced spin Hamiltonian in layer B is
HeffB ∝ g4
∑
i
Syi S
x
i+xS
y
i+x+yS
x
i+y, (12)
which is the Wen plaquette model[23] with Z2 topological
order, equivalent to the toric code [22] by a basis change.
As discussed in [23], the ground state of this model is
the projection of the Majorana dimer wavefunction onto
the sector with γ
[+y]
i γ
[+x]
i γ
[−x]
i γ
[−y]
i = 1 for every site
i, which corresponds to the single-occupancy constraint∑
σ c
†
i,σci,σ = 1. This solvable example with zero corre-
lation length is a direct illustration of the entanglement
argument provided in the previous section.
CHIRAL SPIN LIQUIDS FROM CHERN
INSULATORS
We expect the above physics to persist when the corre-
lation length of the A system is small but finite, and we
5confirm this expectation with two lattice models. First,
we consider a model on the kagome lattice of the form (1)
and explicitly derive the spin Hamiltonian induced by the
Chern insulator to leading order in the Kondo coupling
g.
We use a tight-binding model[25] of fermions with
nearest neighbor hopping in a background flux of φ
through each triangle and pi − 2φ through each hexagon
(see Fig.3). The hopping amplitude is set to 1. When
φ = 0, pi, the band structure is gapless with two Dirac
cones at low energy. By taking φ = pi/2 a nontrivial gap
is opened with a Chern number 1 ground state.
The effective spin Hamiltonian is constrained by SU(2)
spin rotation and lattice symmetries to be of the form
HBeff =
∑
ij
JijSi · Sj +
∑
ijk
JijkSi · (Sj × Sk) + ..., (13)
where higher order spin interactions have been neglected
because they are suppressed by powers of g. Further-
more, because the fermionic system in layer A is gapped,
the induced spin interactions in layer B will decay expo-
nentially with distance, and we can restrict attention to
nearest neighbors for both the two-spin Heisenberg inter-
action and the three-spin “chirality” term, which requires
broken time reversal symmetry. Following the convention
of previously considered kagome spin models, we will de-
note the relevant two-spin couplings by J1, J2, J3 (nearest
neighbor, next nearest neighbor, 3rd nearest neighbor)
and the triangular spin chirality term by Jχ (Fig. 3d).
These effective couplings can be attained from degener-
ate perturbation theory in g (see Supplementary Material
[21]), and for the above model we find, after normalizing
J1 to 1:
J1 = 1, J2 = 0.51, J3 = 0.56, Jχ = −0.49g (14)
First we consider 0 < g << 1, for which Jχ can
be ignored: A DMRG study[26] established the chi-
ral spin liquid phase in the parameter range 0.1J1 <
J2 = J3 < 0.7J1, and a subsequent variational Monte
Carlo study[27] revealed that the CSL phase persists for
J3 > J2. Hence, the effective spin Hamiltonian from our
model lies within the CSL phase.
For larger g, the next leading order contribution is the
chirality term Jχ. The DMRG analysis in [28] has shown
that the spin model with Jχ alone is a CSL, and that
this phase persists even after including a nearest neighbor
term as large as J1 ≈ 6Jχ. Thus, the CSL phase is
reinforced by the higher order chirality term.
The topological induction of the kagome chiral spin
liquid serves as a demonstration of concept for our con-
struction, and we can apply it to many different lattices.
For example, consider a similar setup on the triangu-
lar lattice, in which there is also a simple tight-binding
Hamiltonian realizing a Chern insulator with Chern num-
ber 1: nearest neighbor hopping with a uniform pi/2 flux
through each triangle. We use the same technique as
above to derive the effective spin Hamiltonian (13) that
is induced, and we find at lowest order in g:
J1 = 1, J2 = 0.064, J3 = −0.018, Jχ = −0.25g
With J1, J2 alone, a DMRG study[29] found evidence for
a gapped spin liquid in the regime 0.06 < J2/J1 < 0.17
while another DMRG study[30] has found spin liquids in
the regime 0.07 < J2/J1 < 0.15, with evidence of broken
time-reversal symmetry. To our knowledge, the nature of
the spin liquid(s) in this regime has not been fully settled.
A more recent DMRG study finds that an additional spin
chirality term Jχ as small as 0.02J1 can stabilize the chi-
ral spin liquid, and a variational Monte Carlo study[31]
also advocates the role of the chirality term in stabilizing
the CSL. Finally, a recent exact diagonalization study[32]
also indicates that given the above J2, a small chirality
term favors the CSL. These numerical studies indicate
that our model at small but finite g is in the chiral spin
liquid phase.
SUMMARY AND DISCUSSION
We have provided a powerful machinery to achieve in-
trinsic topological orders, such as the Z2 and chiral spin
liquids, from accessible free fermion phases, such as su-
perconductors and Chern insulators. General arguments
involving the topological proximity effect and entangle-
ment, as well as explicit lattice models treated analyti-
cally and numerically, support this induction of intrinsic
topological orders via Kondo coupling to a free fermion
phase. Two elements are essential for this topological
bootstrap. On one hand, the bulk topological proximity
effect provides a mechanism of inducing the inverse topo-
logical phase of the parent system. On the other hand,
the fact that the secondary system only hosts spin de-
grees of freedom forces the induction to be restricted to
the spin sector of the parent system, hence realizing the
Gutzwiller-projected free fermion states as the ground
state of the spin system.
The maximally entangled state of local singlets thus
serves as a channel through which the spin sector of
a non-interacting system of fermions can be inverted
and filtered into the localized spin system. There are
many directions to explore this topological bootstrap
scheme, including different lattices, higher dimensions,
different parent free fermion phases, and alternative cou-
pling schemes. Our construction provides both a physical
route toward realizing phases with intrinsic topological
order in synthetic composite systems such as ultracold
atoms as well as a numerical route for deriving micro-
scopic spin Hamiltonians which realize quantum spin liq-
uids. As the Gutzwiller projection of higher Chern num-
ber states results in non-abelian chiral spin liquids[14], it
6would be interesting to use the topological bootstrap to
generate lattice models of such non-abelian phases.
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